Exploracion de ecuaciones con Sage

0.00000000080. 0 make it live. R lick on live image for a control menu

quantum numbern | 3 v

quantum number 1 (I<=n-1) | 2~ |
quantum number m (m<=[)) | 0~
size of plots | 9 v

plot points (inerease for ereating more beautiful 100
plots)

value of isosurface 2.31000000000000e13
plot range (x,y,2) 8.00000000000000e-10

position of cutting plane perp. to z axis and of planc 3.00000000000000¢-0
in xy contour plots
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-0.00000000080- .
0,00000000080 = 000000000080

position of cutting plane perp. tuzzli:::isfgsge -3.00000000000000¢-9

position of cutting plane perp. to X axis and of plane 3.00000000000000¢-0
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atomic number < 000000000000

nuclear mass (kg) 1.67262000000000¢-27
show contourplots in xy-plane (plane = cutting
plane)
show contourplots in xz-plane (plane = cutting
plane)
show contourplots in yz-plane (plane = cutting
plane)

Number of contours in contour plots 20
opacity of all surfaces 0.300000000000000
show plot of radial part Rnl(r))
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Sage - instalacién y arranque

Instalacion
http://ciencias.uis.edu.co/grupobioquimicateorica/clases/sagemath/

niciar Sage y el notebook

/home/markus> sage

SageMath version 7.5.1, Release Date: 2017-01-15
Type "notebook()" for the browser-based notebook interface.

Type "help()" for help.

sage: |
sage: notebéok()l

Alternativa:
sage: notebook("/home/markus/temp/SAGE_NOTEBOOKS.sagenb")

Definir una contrasena
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Sage - instalacién y arranque

El notebook se abre en un browser.

Acceso:
http://localhost:8080/home/admin/
username: admin

e The Sage Notebook admin | Home | Published | Log | Settings | Help ‘I
Version 7.5.1 Report a Problem | Sign out

New Worksheet Upload Download All Active Search Worksheets

Arch[‘ve Delete «Stop Download Current Folder: Active Archived Trash

0 ctive Worksheet Owner / Collaporators Last Edited

elcome to Sage! You can create a new worksheet, view published worksheets, or read the documentation.

/

nuevo
worksheet

importar worksheet
de un archivo




Uso de Sage - calculadora

Mas informacion: http://www.sagemath.org/help.html

O = ejecutar:
a=5;
a

i 0= 1+
L pulsar este boton 342 342

0
tecla shift + enter

evaluate

5

(+ =
9r(1/2)

3

Mas util en la practica:

0=

### Define some natural constants

c = 2.99792558%10"8; # Speed of light c¢ [m s-1]

h = 6.62608%10"(-34); # Planck's constant [J s]

NA = 6.02214%10"23; # Avogadro's constant [mol-1]

# now calculate the energy of one mol of photons with wavelength 400nm
lamda = 400%10*-9;

Ephoton = (NA * h * c/lamda) /1000;

Ephoton.n(digits=6)

299.067



http://www.sagemath.org/help.html

Uso de Sage - calculadora

Valores exactos y aproximaciones numéricos

[+ + =
pi pi.n(digits=50)

3.1415926535897932384626433832795028841571693993751

e.n(digits=50)
2.7182818284550452353602874713526624977572470937000

0=
enr(ixpi)

-1

No siempre funciona como uno espera:

h AR
¢ &
§ - pero:

sin(x)"2 + cos(x)"2 ~

cos(x)"2 + sin(x)"2 (sin(x)"2 + cos(x)"2).simplify_full()
1

(no simplificacion)




Uso de Sage - funciones

Tres maneras de definir una funcion

1. Funcion de python o =
def f(x): Se puede

a=2 trazar

importantei/' b=3 No se puede

sangria return a*x"2+b . .
f(3) diferenciar

21 integrar

2. Expresion simbolica

o= Se puede 0= LA

f(x) = 2xx"2+3 trazar f(Xx) = 2xx"2+3 f(Xx) = 2xx"2+3
f(3) f.derivative() f.integrate()

21

diferenciar

. X |==> 4xx X |==> 2/3%x"3 + 3*X
Integrar

3. Funciones predefinidas

©® Se puede ‘;(@) - ©s
f(x)=sin(x) X)=s1nix) f(x)=sin(x)
f(x) frazar f(x).derivative(x,2) f(x).integrate()

-sin(x) ~cos(X)

diferenciar
integrar

sin(x)




Uso de Sage - programaciéon en Python

Loops

for ... while ...

def function(n): def function(n):
sum=0 sum=e
k=1 k=1
for k in range(1l,n+1): while k <= n:
print "k =",k print "k =",k

sum = sum + k
nt sum = sum + k
rin
P k += 1

return sum .
print

result=function(5) return sum
print "sum = ",result ]
result=function(5)

k =1 print "sum = ",result

=1




Uso de Sage - programaciéon en Python

Condiciones:

L+ =)

def function(n):
if n %2 == @:
print "n es par"
else:
print "n es impar"
return
function(5)
function(4)

n es impar
n es par




Uso de Sage - algebra y calculo

http://doc.sagemath.org/html/en/reference/calculus/index.html

Diferenciacion

f(theta)=sin(theta) var ('a,b,c')
f.diff(theta,l) f(x) = a ¥ x*2 + b¥x + ¢
f.diff(x)

theta |--> cos(theta)

X |--> 2*a*x + b

— Sage supone
que X es una
variable,

f(theta)=sin(theta)
f.diff(theta,2)

theta |--> -sin(theta)

L+ =

f(x,y) = 2¥x"2 + 3*x*y + 4*%yn2
print f.diff(x)

print f.diff(y)

(x, y) |--> 4*x + 3*y
(x, y) |--> 3*x + 8*y

L+ =

f(x,y) = 3 * x~3 * y + 4 * xr2 * ynr2
print f.diff(x,2,y,1)

(x, y) |--> 18*x + 16*y

pero no sabe
que es a,b,c.
Hay que decir a
Sage que son
variables



http://doc.sagemath.org/html/en/reference/calculus/index.html

Uso de Sage - algebra y calculo

Integracion

var ('a,b,c')
f(x) = a * x"2 + b*x + ¢
f.integral(x)

x |--> 1/3*%a*x"3 + 1/2*b*x"2 + c*x

f(theta) = sin(theta)
f.integral(theta)

theta |--> -cos(theta)

f(theta) = sin(theta)
f.integral(theta,®,pi)

2

f(x)=er-x"2
f.integral(x)

x |--> 1/2*sqrt(pi)*erf(x)

f(x)=er-x"2
f.integral(x, -00,00)

sqrt(pi)




Uso de Sage - algebra y calculo

Solucion de ecuaciones

var('x,y")
solve([x+y==6,x-y==4],X,Yy)

[[x == 5, y == 1]]

otra notacion (util cuando hay muchos ecuaciones):

solve([eql,eq2],x,y)

[[x == 5, y == 1]]




Uso de Sage - algebra y calculo

Aproximacion de funciones - serie Taylor

(e impresion bonita (pretty_print) de ecuaciones)

f(x) = sin(x)

print f.taylor(x,0,1)
print f.taylor(x,0,3)
print f.taylor(x,0,5)

Mas bonito:

X |--> x f(x) = sin(x)
X |--> -1/6*x"3 + x for k in range(1,6,2):
X

A A te(x) = f.taylor(x,0,k)
o> 1/120%X"5 1/67x"3 X pretty_print("max. order:",k)
Expansion de Taylor alrededor de x=0 pretty_print(LatexExpr("g(x)="),te(x))

con términos hasta orden 1, 2, 3

max. order:1
g(z) ==
max. order:3

1
go)=—g +a

max. order:H

R SR
g(m)—ﬁm g ¥tz




Uso de Sage - algebra y calculo

Solucion de ecuaciones diferenciales

http://doc.sagemath.org/html/en/reference/calculus/sage/calculus/desolvers.html

(aqui: sélo ecuaciones diferenciales lineales)

Ejemplo: descomposicion del compuesto A con constante de velocidad k: AP
dl A
Cambio de la concentraciéon [A] del compuesto A: u=—k[A]

dt

Solucién general:
O ®

# A simple first order reaction A -> P
var('t,k,A0"') # tell sage that t, k and A® are variables

A = function('A')(t) # tell sage that A (the concentration) is a function that depends on t
de = diff(A,t) == -k*A # define our differential equation

# general solution (independent variable: t)

desolve(de,A,ivar=t)

_C*en(-k*t)

Solucion con condiciones iniciales:

# A simple first order reaction A -> P
var('t,k,A0"') # tell sage that t, k and A@ are variables

A = function('A')(t) # tell sage that A (the concentration) is a function that depends on t
de = diff(A,t) == -k*A # define our differential equation

# solution with initial condutions: A = A@ at t=0

desolve(de,A,ivar=t,ics=[@,A0])

Ao*en(-k*t)



http://doc.sagemath.org/html/en/reference/calculus/sage/calculus/desolvers.html

Uso de Sage - algebra y calculo

Sistemas de ecuaciones diferenciales

K,

: . k,
Reacciones consecutivas A S B

d A
diAl —k,[A] ; = k
dt t
# Consecutive reactions
# A -ka-> B -kb-> C
var('t")
var('k_a,k_b,A ©,B_0,C @")
declare A,B,C as functions
function('A")(t)
function('B")(t)
= function('C"')(t)
define the differential equations
del = diff(A,t)
de2 = diff(B,t)
diff(c .t

# general solution:

ensol = desolve system([del,de2,de3
# To access the solutions one by one:
pretty_print(gensol[@])
pretty_print(gensol[1])
pretty_print(gensol[2])

A(t) = A(0) elhd)

koA (0) el ket

ko A (0) e~

B(t) = —

ka —kb ka _kb

kpA (0) k) kA (0) bt
="k T R-R

+ A(0)

C

# Consecutive reactions
# A -ka-> B -kb-> C
var('t')
var('k a,k b,A 0,B 8,C B")

declare A,B,C as functions
function('A")(t)
function('B')(t)
function('C")(t)
# define the differential equations
del = diff(A,t) == -k_a * A
de2 = diff(B,t) == k_a * A - kb * B
de3 diff(c ) ==l pb * B

# solution with initial conditions
sol = desolve_system([del,de2,de3],[A,B,C],ivar=t,ics=[0,A_0,0,0])

O access the solutlons one by one:
pretty print(sol[e])
pretty_print(sol[1])
pretty_print(sol[2])

A(t) = Agel~Fat)

140kae(—kaﬂ
k, — kg

fqokae(—kﬁ)
k, — ky

B(t) = —

Agkpel—Fat) B Apkgel~kt)
ka—kb ka_kb

C(t) = + A




so de Sage - algebra y calculo

aciones diferenciales, solucion numérica

Ecu
A2 5e Mo e

# Pre-equilibria. Numerical solution
# A -k_a->B -k b->C

# <-k_ap-

var('t,A,B,C'")

var('k_a,k_ap,k_b,A ©0,B_0,C_0")

# Define the initial conditions

Cion numeérica

visualizacidon de las soluciones

differential equations (actually we only need the right-hand-side, which we also
diff(a,t) -k_a * A+ k ap * B ; delrhs = del.rhs()

diff(B,t) ka*A+ -kap *B - kb * B ; de2rhs = de2.rhs()

diff(c,t) k b * B ; de3rhs = de3.rhs()

# Solve the system of equations. This gives a list of points. Each pojwt” [t,A,B,C]
sol=desolve_system_rk4([delrhs,de2rhs,de3rhs],[A,B,C],ics=[0,A_0 ,C_O],ivar=t,end_points=[0,5001.5ten=e.1)

# Creats lists concentration vs t for each concentration
listA=[ [i,j] for i,j,k,1 in sol]
listB=[ [i,k] for i,7j,k,1 in sol] -

listCc=[ [1,1] for i,j,k,1 in sol]

# create plots for each concentration ol ¢
plota=1list_plot(listA,color="black")

plotb=1list _plot(listB,color='grey')
plotc=1list_plot(listC,color="red")
#show the three graphs, all in one plot
show(plota+plotb+plotc)




Sage - visualizacion de funciones

Muchos tipos de graficas
http://doc.sagemath.org/html/en/reference/plotting/sage/plot/plot.html

http://doc.sagemath.org/html/en/reference/plot3d/index.html

plot3d()
plot() implicit_plot3d()

V(r)



http://doc.sagemath.org/html/en/reference/plotting/sage/plot/plot.html
http://doc.sagemath.org/html/en/reference/plot3d/index.html

Sage - visualizacion de funciones

Mas ejemplos

contour_plot() plot_vector_field()
(+ contour_plot())

Contour plot of the potential with gradient vector field
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Sage - visualizacion de funciones

Aqui: sélo plot()

- Sy,
® O
7\
2.00400801603207
3.50701402805610
1.00200400801603

Pe rO : i n te ract i VO plotrange 5.00000000000000

i -1.00000000000002
0 (center of Taylor expansion)
Vmax 5.00000000000000

A A max. order of the Taylor expansion around r0 3
n N

U V(r) = 2.00400801603207 (e[ 0.935414346603483 7 0.037288924542560)_ 1)3

Vagton(r) = 1.76338986579 (r — l.D)2 — 0.00704787510318 r + 0.00705493048728

Vi(r)

sk

= Vitorse

= V9ugtor




Sage - interaccion

http://doc.sagemath.org/html/en/prep/Quickstarts/Interact.html
http://doc.sagemath.org/html/en/reference/notebook/sagenb/notebook/interact.html

https://wiki.sagemath.org/interact

Uso

Palabra clave Funcion de Python (el nombre es arbitrario)

@interact /

def interactfunction(
# Here we write the variables whose values are controlled interactively

variablel = slider(9.0,1.0,step_size=0.1,default=0.5,label="variable uno")

#fuhction body
print variablel

variable uno 0.500000000000000

©.H00000000000000

El valor de la variable variable1 Aqui definimos que hacemos
se puede cambiar interactivamente (aqui por un slider) interactivamente



http://doc.sagemath.org/html/en/prep/Quickstarts/Interact.html
http://doc.sagemath.org/html/en/reference/notebook/sagenb/notebook/interact.html
https://wiki.sagemath.org/interact

Sage - interaccion

Elementos de control

http://doc.sagemath.org/html/en/reference/notebook/sagenb/notebook/interact.html#sagenb.notebook.interact.interact

input_box() slider ()

@interact @interact

def interactfunction( def interactfunction(

variablel = input_box(1.0) variablel = slider(©.0,1.0,default=0.5,step_size=0.1)
): ):

print variablel print variablel

variablel | 1.00000000000000 variablel 0.500000000000000

1.00000000000000 0.500000000000000

range_slider () S

def interactfunction(
variablel = range_slider(0.0,1.0,step_size=0.1)

):

print variablel

variablel L—J

GlZOOOOOOdOObOOO0,0400000000000000)

(0.200000000000000, ©.400000000000000 )



http://doc.sagemath.org/html/en/reference/notebook/sagenb/notebook/interact.html#sagenb.notebook.interact.interact

Sage - interaccion

checkbox () selector ()

@interact

_ ] @interact
def interactfunction( def interactfunction(
variablel = checkbox() variablel = selector(['a','b’,'c'])

) ):
print variablel print variablel

variablel ¥ variablel @ b v

True

input_grid() color_selector()

@interact

def interactfunction(
variablel = input_grid(2,2)
):

@interact
def interactfunction(
variablel = color_selector()

. . ):
print variablel print variablel

None

el variable] iSTeam -

None

RGB color (0.3607843137254902, 0.3607843137254902, 0.5215686274509804)
[[None, None], [None, None]]




Sage - interaccion

text_control()

@interact
def interactfunction(

variablel=text control(value="abc"') auto updat e=True
E B
print variablel auto_update=False

abc .
@interact

def dinteractfunction(
variablel=text_control(value="abc'),
abc auto_update=False

) :




Sage - interaccion

Ejemplo 1:
Aproximacion de la energia potencial de una molécula bimolecular

La energia potencial V de una molécula diatomica depende de la distancia r entre los nucleos.
Una expresion comun para V(r) es el potencial Morse:

V(r)

D.[1—e ]

r : distancia con energia minima
k : constante de fuerza del enlace
D_: energia de disociacion

I
-1 1

Este potencial podemos aproximar por una serie de Taylor.
Alrededor del minimo podemos aproximar el potencial bien, si incluimos términos hasta
orden 2. Para aproximar el potencial a distancias mas grandes debemos incluir mas términos.




Sage - interaccion

Tarea 1

> 2 Sos00000000n0 Programar en Sage una visualizacion interactiva
oot del potencial Morse

plotrange 5.00000000000000

o ot T - oooseosaammoo: y de la aproximacién por una serie de Taylor

max. order of the Taylor expansion around 0 2

Experimentar con varios elementos de control

V(r) = 2.00000000000000 (E(-ogammmmaw+093u41434659345m _ 1)2

Viraior () = 1.75 (r — 1.0)" + (2.90785192674 x 1071%) r — 2.90785192674 x 1071

V(r)

sk

(un ejemplo)




Sage - interaccion

Ejemplo 2:
Cinética de reacciones complejas - solucién exacta (numérica)

y soluciones aproximadas

k, ki,
A+B > | = P

Problema: encontrar una ecuacién para la

Ecuaciones diferenciales
velocidad de la reaccion total: A+B — P

d([j/:\] B d(EE] B _ka[A][B] B kap[l] Dos tipos de soluciones aproximadas:
(A): Equilibrio entre A,B y |
dip]  k.k
= K [AI[B] — I, [1] — k[ Pl o B pas,

ap
(B): Estado estacionario ([I] es constante)

kakb
kap+kb[A][B]




Sage - interaccion

k, ki,
A+B > | > P
:

Soluciones analiticas aproximadas
(A): Equilibrio entre AB y | (B): Estado estacionario ([I] es constante)

d[P] . kakb .QLEJ — kakb
ok, (A dt ~ kap+kb[A][B]

ap
—_ —

kef kef
Solucion analitiMiones inWB](EO) =B,, [P](t=0) =P ) :
AOkeft_BOkef A B
~ Mo P

AOBOe(
N (A k t—Bk t)
Aoe 0 Nef 0 Nef _BO

Condicion: A <> B
0 0 0

notacion en Sage (para copiar/pegar):
P(t) = PO + (A@*Bo*e”(AO*kef*t - BO*kef*t) - AO*BO)
/ (A@*e~(AO*kef*t - BO*kef*t) - BO)

;Cuando usar aproximacion A, cuando B?
Depende de los valores de k , k k..
a> ap b

— Exploracién grafica: trazar P(t) usando las aproximaciones (A) y (B) y comparar con
la solucion numérica para varios valores de k, k 'y k




Sage - interaccion

Tarea 2

Programar una visualizacion interactiva

de este problema.

Parametros: A, B, 1, P, k, kap, k,
Funciones de trazar:

A(t), B(t), I(t), P(t) para la solucion numérica
P(t) para las dos soluciones aproximadas

ka

kap

ks

Ay

By(By <> Ap)

In

sl

t final

mtegration step At
Update

—P(t) appr. solution A, equilibrio
P(t) appr. solution B, estado estacionario
+-A(t) numerical solution
~-B(t) humerical solution
- I(t) numerical solution
~P(t) numerical solution

1.00000000000000
2.00000000000000
0.300000000000000
1.00000000000000
1.10000000000000
0.000000000000000
0.000000000000000
100
0.100000000000000
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